Let G be a locally σ−compact abelian group with Haar measure. In this paper, firstly, weighted Lorentz-Karamata L w p,q;b (G) spaces will be defined and examined with some fundamental properties. Next, we will establish some criteria for noncompactness of embedding theorems for weighted Lorentz-Karamata (WLK) spaces.
Introduction and preliminaries
A new generalization of Lebesgue, Lorentz, Zygmund, Lorentz-Zygmund and generalized Lorentz-Zygmund spaces was studied by Edmunds, Kerman and Pick in [8] . By using Karamata theory, they introduced Lorentz-Karamata (LK) spaces and compared quasinorms on these spaces. Neves also studied LK spaces L p,q;b (R, µ) in [17] where p, q ∈ (0, ∞] , b is a slowly varying function on [1, ∞) and (R, µ) is a measure space. These spaces cover the generalized Lorentz-Zygmund spaces L p,q;α 1 ,...αm (R) (introduced in [7] ), Lorentz-Zygmund spaces L p,q (log L) α (R) (introduced in [1] ), Zygmund spaces L p (log L) α (R) (introduced in [2] and [20] ), Lorentz spaces L p,q (R) and Lebesgue spaces L p (R) under convenient choices of slowly varying functions and parameters p, q. In [9] and [17] , it is proved that L p,q;b (R, µ) space endowed with a convenient norm, is a rearrangment-invariant Banach function space and has an associate space L p ,q ;b −1 (R, µ) if (R, µ) is a resonant measure space, p ∈ (1, ∞) and q ∈ [1, ∞] . Also it is showed that when p ∈ (1, ∞) and q ∈ [1, ∞), LK spaces have absolutely continuous norm.
In [17] , Neves established embeddings into LK spaces, but he didn't prove their sharpness and non-compactness. Later in [12] , sharpness of embedding theorems for Bessel-potential spaces modelled upon LK spaces were established and noncompactness of such embeddings are proved.
Throughout this paper, as usual, R d and G will stand for Euclidean d− dimensional space and a non-compact, non-discrete locally σ−compact abelian group with Haar measure, respectively. Also, we will use Beurling's weight function, i.e. a measurable, locally bounded function on G, satisfying w(x) ≥ 1 and w(x+y) ≤ w(x)w(y) for all x, y ∈ G. For any two non-negative expressions (i.e. functions or functionals), A and B, the symbol A B means that A ≤ cB, for some positive constant c independent of the variables in the expressions A and B. If A B and B A, we write A ≈ B and say that A and B are equivalent.
The family of all extended scalar valued (real or complex) µ−measurable functions on G will be denoted by M (G, µ) and M 0 (G, µ) will stand for the subset of M (G, µ) consisting of all those functions which are finite µ−a.e. Let wdµ be the measure instead of Haar measure µ. Then the distribution function λ f,w of f ∈ M 0 (G, wdµ) is defined by
The nonnegative rearrangement of f is given by
where we assume that inf φ = ∞ and sup φ = 0. Also the average(maximal) function of f on (0, ∞) is given by
Note that λ f,w (·) , f * w (·) and f * * w (·) are nonincreasing and right continuous functions. Also, it is obvious that if G has a finite measure, then λ f,w is bounded above by w(G) and so f * w (t) becomes a function defined on [0, w (G)). Proposition 1.
(i) If f is a nonnegative, measurable simple function on (G, wdµ), then
(ii) If f is a scalar-valued, measurable function on (G, wdµ) and 0
Proof. It is straightforward by taking into consideration [6] and [14] . 
It is known that any s.v. function b on (0, ∞) is equivalent to a s.v. continuous function b on (0, ∞). Consequently, without loss of generality, we assume that all s.v. functions in question are continuous functions on (0, ∞) (see [12] ). The detailed study of Karamata Theory, properties and examples of s.v. functions can be found in [3] , [8] , [15] , [17] and [20, Chapter V, pp.186].
In the next section, we are going to define the weighted Lorentz-Karamata spaces and give some fundamental properties of them in light of [8] , [9] and [17] . Nevertheless, in the last section, by using the methods used in [13] , we will find sufficient conditions for non-compact embeddings of weighted LorentzKaramata spaces. Now we are going to give a lemma and three theorems which are related to fundamental properties of WLK spaces. They will be given without their proofs, since the same methods used in [8] and [17] could be applied mutatis mutandis. 
Weighted Lorentz-Karamata spaces
where 1/r = 1/q 2 − 1/q 1 .
if (G, wdµ) is a finite measure space.
Proposition 2. Let f be a scalar valued, measurable functions on (G, wdµ).
If we define the function (L s f ) (t) = f (t − s) for any s ∈ G, then we have the following:
Proof. By using (1.1), (1.2), (1.3) and the property w(x + y) ≤ w(x)w(y), it is easy to prove the inequalities in (i) and (ii).
For the proof of (iii), it is showed in [17] that
provided that κ > 0. In other words, there exist constants c 1 , c 2 > 0 such that
.
If we write u instead of t w(s)
, then we get t = uw (s) and
By using (2.9), we have q;b) ;G for some constant c 2 > 0. Also, using the inequality (L s f ) * *
Proof. Since the set of simple functions is dense in L w p,q;b (G), it is sufficient to show the mapping s → L s f is continuous for any simple function
where denotes the symmetric difference of sets. Therefore, we write
and
by (1.4) . By using the absolutely continuity of the norm, we get L s f − f In [4] , Blozinski defined a convolution operator T and found the necessary conditions for convolution of two simple functions. By the help of O Neil's Theorem, the convolution theorems for Lorentz spaces are established in there. Now we will give a proposition for LK spaces which is also true for WLK spaces.
Proposition 4. Let
Proof. Since q ≤ s implies h p,s;b;G h p,q;b;G by (2.7), it is sufficient to assume q = s. Let f and g be simple functions. By [4 (2.14)
We can also write
by (2.3) and (2.7). Since we assume that γ b (t) ≥ 1 for all t > 0, we get Now, we will give a proposition and a lemma whose proofs are similar to proposition 6 and Lemma 3, respectively.
